Abstract. The understanding of atmospheric and oceanic low-frequency variability is an old problem having both theoretical interest and practical importance, e.g., for the assessment of climate change. In this paper possible relations with dynamical systems theory are given, in particular through bifurcation theory. Firstly, a specific type of oceanic low frequency variability is described, the so-called Atlantic Multidecadal Oscillation (AMO). Then recent work is reviewed, that investigates bifurcations as these occur in a few low-order models of the atmospheric circulation. It is shown that the Shil ′ nikov bifurcation in the Hopf-saddle-node bifurcation scenario takes place in each of the above atmospheric models. Related strange attractors and intermittency behavior are also found, both in agreement with the theoretical expectations and with qualitative aspects of the climate variability, like the AMO. It is discussed how the latter connection may be consolidated in higher dimensional and in PDE models.
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Abstract. The understanding of atmospheric and oceanic low-frequency variability is an old problem having both theoretical interest and practical importance, e.g., for the assessment of climate change. In this paper possible relations with dynamical systems theory are given, in particular through bifurcation theory. Firstly, a specific type of oceanic low frequency variability is described, the so-called Atlantic Multidecadal Oscillation (AMO). Then recent work is reviewed, that investigates bifurcations as these occur in a few low-order models of the atmospheric circulation. It is shown that the Shil ′ nikov bifurcation in the Hopf-saddle-node bifurcation scenario takes place in each of the above atmospheric models. Related strange attractors and intermittency behavior are also found, both in agreement with the theoretical expectations and with qualitative aspects of the climate variability, like the AMO. It is discussed how the latter connection may be consolidated in higher dimensional and in PDE models.
1. Introduction. A deeper understanding of the atmospheric and oceanic circulation of the Earth in terms of mathematical physics is necessary for the development of reliable climate models as well as for the assessment of their predictive skills [30, 55, 63] . Indeed, most climate models are neither consistent nor realistic in the representation of basic physical processes [46] , which makes problematic the evaluation of climate change through modeling. The study of atmospheric and oceanic circulation is a notoriously difficult problem with both stochastic and deterministic approaches. Typically, the latter approach leads to systems of partial differential equations that, by various methods, are reduced to finite dimensional approximations which may be analyzed in terms of dynamical systems theory. Unpredictability and chaos here are key notions, as these were developed since the 1950s (see e.g. [10, 66] ) and are iconized by the Lorenz attractor [42, 67, 71] . Since then, in the analysis of these Figure 1 . 'Cut open' perturbed invariant sphere in a Hopf-saddlenode scenario involving subordinate Shil ′ nikov homoclinic bifurcations (from [9] ).
A number of questions arises from the above studies. A first problem deals with the consistence of these various intermittency phenomena as the dimension of the phase space of the model is increased. A second question is whether and how such finite dimensional descriptions relate to the infinite dimensional system of partial differential equations (PDE), both in the deterministic sense and in the statistical sense. To be specific: what is the dimension of the attractor of the PDE? Is there an explicit projection of the PDE onto a finite-dimensional subspace, preserving the dynamics, in the spirit of [23] ? By increasing the dimension of the phase space of the finite dimensional approximations, do the statistical properties of the model stabilize and in which sense? 2. The Atlantic Multidecadal Oscillation: observations and simulations. There is ample observational evidence that North Atlantic sea-surface temperature (SST) time series feature a signal of multidecadal variability. Kushnir [39] identified a pattern in the difference between the years 1950-1964 and 1970-1984 (Fig. 2) in SST temperature records in the North Atlantic. By subsequent analysis of longer time series of SST and of sea-level pressure, the pattern of multidecadal variability has been characterized more accurately [51] and it has been named the Atlantic Multidecadal Oscillation (AMO) by Kerr [36] . An AMO index was defined in [22] as the 10-year running mean of the detrended SST anomalies north of the equator (Fig. 3) . Time series of enhanced length were produced and analyzed in [16] , showing a spectral peak, claimed to be significant, in the 50-70 year frequency band.
Multidecadal variability has been simulated by several global climate models (GCMs) such as the Geophysical Fluid Dynamics Laboratory (GFDL) R15 and R30 climate models. In long time integrations (∼1000 years) of the relatively lowresolution GFDL R15 model, strong decadal-to-multidecadal variability is found in the strength of the model's meridional overturning, called the THC-index [15] . The difference in sea-surface temperature between positive and negative THC-index states roughly corresponds to that found in observations. Analogies in the observed and modeled multidecadal patterns of variability of sea-level pressure are found in [15] . Oceanic processes appear to be strongly involved in this type of variability, as it results from several studies performed with ocean-only models. Greatbach and Zhang [27] find a swinging pattern that oscillates with a period of about 50 years in a single-hemispheric sector ocean model, with prescribed heat flux. The SST anomaly pattern shows analogies to that in [15] . Linear stability of steady states of a single-hemispheric sector model is examined in [65] . Such flows, under prescribed heat-flux conditions, become unstable. A multidecadal mode of variability develops: a westward propagating temperature anomaly, inducing an out-of-phase response between zonal and meridional overturning. Traces of the multidecadal mode persist in more complex models, such as a primitive equation ocean plus energy balance atmosphere model, with sea-ice added [38] .
Prescribed heat flux in ocean models is strong idealization: on one hand, SST anomalies are substantially damped by atmosphere, which is expected to decrease the growth rate of the multidecadal mode. On the other hand, atmospheric variability may enhance multidecadal variability: the basic idea is that low-frequency atmospheric variability is driving multidecadal variability in the coupled model [16] .
3. Hopf-saddle-node and Shil ′ nikov bifurcations. The Shil ′ nikov homoclinic bifurcation [60, 61] occurs for vector fields in R 3 , and is related to a complex saddle point, i.e., with a pair of complex conjugate eigenvalues and a real eigenvalue. The bifurcation has codimension 1 and amounts to complete inclusion of the 1-dimensional invariant manifold in the 2-dimensional invariant manifold [9, 28, 40] . In certain cases, it is associated with the existence of chaotic motions and strange attractors [21, 24, 31, 32, 37, 56, 57] .
We briefly recall how Shil ′ nikov homoclinic bifurcations occur subordinate to a Hopf-saddle-node bifurcation [9, 28, 40] . Presently we consider C ∞ -families of vector fields X = Xμ(ξ) on R 3 that at for (ξ,μ) = (ξ 0 ,μ 0 ) undergo a Hopf-saddlenode bifurcation. Without restriction of generality we put (ξ 0 ,μ 0 ) = (0, 0). The linear part of X then has a pair of pure complex conjugate eigenvalues and an eigenvalue 0, which generates an axial rotation of R 3 . This means that we can write any family X =X + p, where p is infinitely flat at (ξ,μ) = (0, 0), i.e., with vanishing Taylor series both in the ξ-and in theμ-direction. In fact we can takē µ = (µ, ν) ∈ R 2 and the symmetry means that in cylindrical coordinates ξ ∼ (ϕ, r, z) the familyX has the following forṁ
for C ∞ -functions f, g, and h. Truncating we obtain the leading parṫ
where we set 0 < a 1 < 2b 2 , b 1 > 0 and b 4 > 0, which is an open condition in the C 2 -topology. It follows that any symmetric C ∞ -family of vector fieldsX =Xμ with the above lower order part has the following properties [9]:
1.X µ,ν has two hyperbolic saddle points s ± (µ, ν) on the z-axis, with z-coordinates
The interval between s ± on the z-axis is a heteroclinic connection; 3. In the (µ, ν)-plane there exists a C ∞ -curve Γ of the form ν = mµ + O(µ 1/2 ), µ > 0, such that for all (µ, ν) ∈ Γ the saddle points s ± (µ, ν) have coinciding invariant manifolds of dimension two. The positive coefficient m is completely determined by the 3-jet ofX at (0; 0) ∈ R 3 × R 2 . Theorem 3.1.
[9] LetX =X µ,ν (ξ) be any symmetric family which satisfies the above C 2 -open conditions. Also let Γ be as above. Then there exist "many" flat perturbations p = p µ,ν (ξ), such that along the curve Γ the family X =X + p possesses a sequence of Shil ′ nikov homoclinic bifurcations. This sequence occurs at parameter points (µ k , ν k ) that accumulate at (µ, ν) = (0, 0). Moreover in the (µ, ν)-plane there exists an immersed C ∞ -curve C (see Fig. 4 ), having multiple components, such that Figure 4 . Sketch of the position of curves C and Γ as in Theorem 3.1 (from [9] ).
1. C lies in a wedge shaped neighbourhood W of Γ in R 2 \ {(0, 0)}, of a width that is flat in µ as µ ↓ 0; 2. The boundary of W has nonempty intersection with C; 3. The curves C and Γ intersect transversally at the points (µ k , ν k ), k ∈ N; 4. If the parameter pair (µ, ν) moves transversally through the curve C, then X µ,ν undergoes a homoclinic Shil ′ nikov bifurcation.
Remarks: -In the real analytic case, we believe that the wedge W can be shown to be exponentially narrow, using an averaging technique based on [53] ; see [3, 4] for results of this kind in a different bifurcational setting. -The theorem gives details on the general fact that the Shil ′ nikov homoclinic bifurcation is subordinate of codimension 1 to the Hopf-saddle-node bifurcation. The fact that the curves C and Γ are transversal amounts to a suitable form of genericity of the family X =X + p. this accounts for the "many" in the formulation of Theorem 3.1. That this is quite involved stems from the fact that the axially symmetric cases with vanishing p, to some extent are dense. For details also see [8, 9] . It has been theoretically shown that Shil ′ nikov bifurcations, in certain unfolding cases, induce the occurrence of a strange attractor for nearby parameter values [21, 31, 32, 37, 56, 57] . Examples of such attractors in the Lorenz-84 model are given in Sec. 4.1. The central hypothesis of the present paper is that low-frequency variability is associated to the existence of a Shil ′ nikov-like strange attractor.
4. Bifurcations and low-frequency variability in low order models.
Lorenz-84.
In this section we describe the results of [69] concerning different versions of the Lorenz-84 model of the atmospheric jet. The model was first described and analyzed in 1984 [43, 44] , but a formal derivation from the ab-initio equations was only published in 2003 [69] . To give a minimum of physical insight, we briefly sketch the main steps in the derivation of Lorenz-84, referring to [69] for details. The derivation follows the general idea of deriving simple models from the NavierStokes equations (plus mass and energy conservation laws) using approximations, [5, 43, 44] (from [69] ). expansions in small parameters, and "global balances", the latter being suitable Ansatzen concerning the physics of the atmosphere. Two balances hold with good accuracy on so-called synoptic space-time scale (1000 Km, 1 day): the hydrostatic and the quasi-geostrophic balance. The first means that the vertical pressure gradient balances the gravitational force. The geostrophic balance holds when horizontal pressure gradient balances Coriolis acceleration. These balances are used to simplify the prognostic equations by "filtering out" irrelevant details, that is, physical processes (sound and gravity waves) that are assumed to contribute negligibly to the large-scale atmospheric dynamics at mid-latitudes. (Such assumptions are, however, at least questionable, see [47, 48] ). In this way, the quasi-geostrophic equations are obtained. By a vertical discretization in two horizontal layers, the two-layer quasi-geostrophic model is derived (see e.g. [47, 48] ). From the two-layer quasi-geostrophic model, by using a Fourier expansion plus a Galerkin projection, one obtains a 6-dimensional ordinary differential equation [69] . A further reduction to a linearized 3D invariant manifold leads to the Lorenz-84 model:
This is the simplest model describing atmospheric dynamics at mid-latitudes and has been widely used in studies of meteorological nature but also in applied dynamical systems. Shil ′ nikov, Nicolis, Nicolis [62] perform a comprehensive bifurcation analysis of the model. Pielke and Zheng [54] use it to support the observation that low-frequency atmospheric variability in the northern hemisphere may be induced by seasonal forcing (through periodic variation of the parameter F , influenced by the solar heating). Lorenz-84 has also been used in coupled atmosphere-ocean models of low order [70] .
Variables and parameters in (1) have the following interpretation:
x: is the strength of a westerly wind current; y, z: are sine and cosine phases of travelling waves, dispersing energy poleward; F , G: are thermal forcings; F : represents north-south temperature contrast (longitudinally symmetric); G: represents earth-sea temperature contrast (longitudinally asymmetric) A few codimension 2 bifurcation points act as organizing centers in Lorenz-84 in the (F, G) parameter plane [62, 69] :
-Hopf-saddle-node bifurcation of equilibria.
-Cusp of equilibria.
-1:2 strong resonance bifurcation of periodic orbits.
-1:1 (Bogdanov-Takens) bifurcation of periodic orbits. Furthermore, several codimension 1 bifurcations of equilibria (Hopf, saddle-node) and of periodic orbits (Hopf, saddle-node, period doubling) have been found. See Fig. 5 . In fact, a large part of the bifurcation diagram matches that of the 6-dimensional model from which Lorenz-84 is derived [69] . The structure of the strange attractors detected in the model has been put in relation with the occurrence Figure 7 . Top: bifurcation diagram of fixed points for the Poincaré map P F,G,ǫ of (2) Figure 8 . Top: bifurcation diagram of fixed points for the Poincaré map P F,G,ǫ of (2) in the (F, G)-plane, with ǫ = 0.01, notation as in Fig. 7 . HSN denotes a Hopf-saddle-node bifurcation of fixed points where the saddle-node branches are tangent to the Hopf branches. Bottom: same as top for ǫ = 0.5. Notice that the tangency point HSN no longer exists (from [5] ).
of Shil ′ nikov bifurcations. An attractor of the 6-dimensional model is displayed in Fig. 6. 
4.2.
Seasonally driven Lorenz-84. The effect of seasonal forcing on the Lorenz-84 model has been analyzed by Lorenz self [44] and by Pielke and Zheng [54] , though with slightly different focuses. In [5] , a comprehensive bifurcation analysis was performed of a version of the Lorenz-84 model in which both thermal forcing parameters F and G are subject to periodic forcing:
Here, T = 2π/ω = 73 is period of the forcing (corresponding to one year in the time scale of the system) and ǫ is a further parameter controlling the relative amplitude of the seasonal forcing. The study of [5] aimed at compiling a coherent inventory of the dynamics of Poincaré (time-T ) map P F,G,ǫ , depending on F , G, ǫ. A first result of the investigation is that a large part of the bifurcation diagram of Lorenz-84 (as in Fig. 5 ) persists for the seasonally driven model (2), see Fig. 7 . However, additional bifurcations appear due to resonances on invariant circles. These saddle-node bifurcations form wedge-shaped regions (called Arnol ′ d or resonance tongues) that are attached to points along Hopf bifurcations where the argument of the complex conjugate eigenvalues is weakly resonant (a 1:1 tongue is displayed in Fig. 7 ). For parameters inside the tongues, the invariant circle is phase-locked to a pair of periodic orbits, one of which is attracting. For small ǫ, the Hopf-saddle-node bifurcation of the autonomous Lorenz-84 persists in the driven Lorenz-84 as a bifurcation of fixed points of the Poincaré map. However, as ǫ increases this bifurcation disappears (see Fig. 8 ), most likely through a codimension 3 bifurcation which has not been identified. Moreover, the Hopf bifurcation curves in the neighbourhood are broken down in small segments by many strong resonance points (where the Hopf curve terminates).
Typically, strange attractors in the driven Lorenz-84 model are quasi-periodic Hénon-like attractors, see Fig. 9 . These were conjectured to coincide with the unstable manifold of a saddle-like invariant circle [6] . The power spectrum of time series constructed from orbits on such attractors display quasi-periodic intermittency: several sharp peaks survive near the location of harmonics of some formerly existing invariant circle. A bifurcation route, consisting of a finite number of period doublings of an invariant circle, was described in [5] and has more recently been found for a model map of the Hopf-saddle-node bifurcation of fixed points for diffeomorphisms [7] .
4.3. Ultralow-frequency variability. Ultralow-frequency variability is characterized by timescales beyond several months. The physical explanations commonly used to explain it involve some slow physical processes such as ice or oceans. However, the relation between slow processes and ultralow-frequency variability was shown to be spurious by [34] , who considered a General Circulation Model in which the forcing with the slowest period was the solar heating. In the simulations, it was found that multidecadal variability occurred in the range 10-40 years, with a maximum sharp peak at 12 years.
A study of the dynamical structure of ultralow-frequency variability was undertaken in [12] , who collected evidence of homoclinic dynamics in various models, among them:
1. a General Circulation Model (GCM): the NCAR CCM version 0; 2. an Empirical Orthogonal Projection (EOF) of a quasi-geostrophic model; 3. a 4D simplified model derived from the latter. Low-frequency variability in the GCM and in two EOF projections (with phasespace dimension of 30 and 10) is illustrated in the power spectra of Fig. 10 . To further simplify the analysis, a 4D model was derived from the 10D EOF projection. Traces of homoclinic dynamics were found in numerical integrations of the 4D model. Crommelin interprets this by suggesting the occurrence of a bifocal homoclinic orbit [25] nearby in parameter space. In fact the evidence may be also interpreted as indication of a nearby Shil ′ nikov bifurcation. No comprehensive bifurcation analysis of any of these models has been carried out, however, and this poses a limit to the understanding. We also emphasize that models obtained by EOF projection do not contain physical parameters, since the coefficients in the equations are numerically evaluated from other time series (integrations of the GCM in this case). Therefore, in order to perform bifurcation analysis, one of the coefficients must be artificially turned into an 'active' parameter. The physical interpretation of the results, however, remains ambiguous and this is a disadvantage of EOF-based models.
4.4. Atmospheric regimes. The idea that specific atmospheric flow patterns are recurrent during winters in the northern hemisphere has received considerable attention in the last decades. It is widely believed that atmospheric low-frequency variability is strongly affected by the existence of this sort of preferred regimes. We refer the reader to [14, 58] for references on the subject.
Since the work of Charney and DeVore [11] , regimes have been often thought of as coexisting stationary solutions of the dynamical equations. Since some of the stationary solutions are stable, in order to explain the transitions between the different regimes usually stochastic perturbations were assumed to occur and also used in the modeling. However, the genuine randomness of the transitions has been often questioned (see the discussion in [14] ). Itoh and Kimoto [33] have proposed an alternative notion of chaotic itinerancy to explain transitions: in two multi-layer quasi-geostrophic models, they identify regimes with coexisting attractors that lose stability as two model parameters, corresponding to horizontal diffusivity or static stability, are changed. After the loss of stability, trajectories of the models wander Figure 12 . Bifurcation diagram of model (3) in the (r, x * 1 ) parameter plane. The symbols fh, c, sn1,sn2 denote Hopf-saddle-node, cusp and saddle-node bifurcations, respectively, whereas pd is a period doubling of periodic orbits (from [14] ).
erratically between the remnants of the formerly existing attractors. This scenario does not resort to stochastic perturbations to explain the transition, but envisages a purely deterministic mechanism. However, a detailed characterization of the dynamical mechanism providing the transitions (such as a heteroclinic connection) was not given in [33] .
The idea put forward in [14] is that regimes correspond to intermittent behavior near unstable equilibria and transitions are due to heteroclinic structures in phase space. This idea is checked by a bifurcation analysis of a model originally developed in [11] and later modified by [18] . Galerkin projection is applied to the barotropic vorticity equation (a PDE), yielding the following 6D ordinary differential equation:
(3) Figure 13 . Shil ′ nikov homoclinic orbits of a saddle-focus equilibrium (labelled by eq1) occurring, from top to bottom, at different values of the parameters (x * 1 , r) (from [14] ).
The physical meaning of variables and coefficients is given in Table 1 . Control parameters used for the bifurcation analysis are x * 1 , γ, and r, where x * 4 = rx * 1 . There are two codimension 2 organizing centers in the (r, x * 1 ) parameter plane: -a Hopf-saddle-node bifurcation of equilibria; -a cusp bifurcation of equilibria; -a 1:2 strong resonance bifurcation of periodic orbits. Furthermore, codimension 1 bifurcations of equilibria (Hopf and saddle-node) and of periodic orbits (Hopf and period doubling) take place. Shil ′ nikov homoclinic tangencies are also detected, see Fig. 12 . We emphasize that the semi-global structure of the parameter plane near these bifurcations is very similar to that of the Lorenz-84 model, see Sec. 4.1.
In agreement with the classical theories, regimes are identified with equilibria in the phase of the model: in particular, up to three equilibria, denoted as eq1, eq2, eq3, may coexist in the model. For parameter values belonging to a suitable domain located near the Hopf-saddle-node point, both eq1 and eq2 are of saddle-focus type. The truncated normal form of the system at the Hopf-saddle-node point contains α j advection of waves by zonal (longitudinal) flow. β j Coriolis force. γ j ,γ j topography.
C Newtonian damping to zonal profile (x * 1 , 0, 0, x * 4 , 0, 0). δ, ε
Fourier modes interactions due to nonlinearity. Table 1 . Physical meaning of the coefficients and parameters in model (3). Figure 14 . Top: intermittency of saddle-node type occurs after two equilibria (denoted by eq2 and eq3) coalesce across a saddlenode bifurcation belonging to curve sn2 in Fig. 12 . Bottom, left: intermittent heteroclinic behavior takes place as typical orbits alternatively visit the vicinities of equilibrium eq1 and of the formerly existing equilibria eq2,eq3. Bottom, right: bimodality of probability density function. Peaks of the "density of visit" occur near eq1 and near (formerly existing) eq2,eq3. Notice that high speed in phase space along transitions between the latter two regions yields negligible density in the corresponding part of phase space (from [14] ). a heteroclinic bifurcation curve on which a sphere-like heteroclinic invariant set as in Fig. 1 connects eq1 and eq2 . In the full model, this heteroclinic structure is broken and Shil ′ nikov homoclinic tangencies occur (see the theoretical explanation in Sec. 3). However, near the Hopf-saddle-node point the corresponding Shil ′ nikov homoclinic orbits nearly look like heteroclinic connections (Fig. 13) . Although the third equilibrium eq3 is stable, across curve sn2 (Fig. 12) eq2 and eq3 coalesce and disappear. Therefore, a parameter region exists near sn2 where intermittency of saddle-node type takes place: orbits of the model tend to spend long timespans in the phase space region where eq2 and eq3 formerly existed. This is one regime. Another regime is the phase space region near eq1. Orbits of the model recurrently visit both regimes and transitions are explained by the nearby existence of the Shil ′ nikov homoclinic orbit in Fig. 13 . This also induces bimodality in the probability density function of typical orbits, see Fig. 14.
5. Summary and future research. Detailed bifurcation analysis of atmospheric models has recently been used to propose dynamical systems-based explanations of several physical phenomena, such as:
1. low-frequency variability; 2. regime transitions (via heteroclinic and saddle-node intermittency); 3. bimodality (first observed in data [1, 29] ).
In particular, Hopf-saddle-node and Shil ′ nikov bifurcations occur in several, very different models of atmospheric circulation: both barotropic and baroclinic models, having phase space dimension ranging from 3 to 25, see [5, 14, 17, 18, 41, 62, 68] . Dynamical phenomena related to Shil ′ nikov bifurcations, particularly near a Hopfsaddle-node bifurcation, include:
1. intermittency near the bifurcating saddle-focus equilibrium; 2. intermittency near both 'polar' equilibria; 3. heteroclinic intersections of the 2D invariant manifolds; Traces of homoclinic behavior are found also in models of larger order (up to 30 degrees of freedom). Among the large number of relevant questions arising from the research reviewed in this paper, we single out the following:
1. what persists of these bifurcations and the associated dynamical structures in complex models, such as the starting PDEs (two-layer quasi geostrophic or Navier-Stokes equations) or even in General Circulation Models? 2. What is the physical signature of homoclinic dynamics, that is, what is the relation, if any, with observed climatological and oceanic data, in particular as far as the Atlantic Multidecadal Oscillation is concerned? These issues will be investigated in a recently started specific research program.
